Abstract. We give semiparametric identi…cation and estimation results for econometric models with a regressor that is endogenous, bound censored and selected, called a Tobin regressor. We show how parameter sets are identi…ed, and give generic estimation results as well as results on the construction of con…dence sets for inference. The speci…c procedure uses quantile regression to address censoring, and a control function approach for estimation of the …nal model. Our procedure is applied to the estimation of the e¤ects on household consumption of changes in housing wealth. Our estimates fall in plausible ranges, signi…cantly above low OLS estimates and below high IV estimates that do not account for the Tobin regressor structure.
Introduction
In economic surveys, …nancial variables are often mismeasured in nonrandom ways.
The largest values of household income and wealth are often eliminated by top-coding above prespeci…ed threshold values. Income and wealth are also typically reported as nonnegative, which may neglect large transitory income losses large debts (negative components of wealth), or other aspects that could be modeled viewed as bottomcoding below a prespeci…ed threshold value. In addition to mismeasurement problems related to upper and lower bounds, income and wealth are often missing due to nonresponse. 1 These measurement problems are particularly onerous when they are systematic with respect to the economic process under study. For instance, suppose one is interested in the impact of liquidity constraints on consumption spending. The widespread practice of dropping all observations with top-coded income values seemingly eliminates households that are the least a¤ected by liquidity constraints. Likewise, if one is studying the household demand for a luxury good, the most informative data is from rich households, who, for con…dentiality reasons, often won't answer detailed questions about their income and wealth situations. These problems can be compounded when the observed …nancial variable is itself an imperfect proxy of the economic concept of interest. For instance, suppose one is studying the impact of the availability of cash on a …rm's investment decisions.
Only imperfect proxies of "cash availability"are observed in balance sheet data, such as whether the …rm has recently issued dividends. The mismeasurement of those 1 For many surveys, extensive imputations are performed to attempt to "…ll in" mismeasured or unrecorded data, often in ways that are di¢ cult to understand. For instance, in the U.S. Consumer Expenditure (CEX) survey, every component of income is top-coded; namely wages, interest, gifts, stock dividends and gains, retirement income, transfers, bequests, etc., and there is no obvious relation between the top-coding on each component and the top-coding on total income. The CEX makes extensive use of ad hoc multiple imputation methods to …ll in unrecorded income values.
proxies is not random; positive dividends indicate positive cash availability but zero dividends can indicate either mild cash availability or severe cash constraints. Thus, observed dividends represent a censored (bottom coded at zero) version of the cash availability status of a …rm.
The study of mismeasurement due to censoring and selection was initiated by the landmark work of Tobin(1958) . In the context of analyzing expenditures on durable goods, Tobin showed how censoring of a dependent variable induced biases, and how such bias could be corrected in a parametric framework This work has stimulated an enormous literature on parametric and semiparametric estimation with censored and selected dependent variables. The term "Tobit Model" is common parlance for a model with a censored or truncated dependent variable.
We study the situation where a regressor is censored or selected. This also causes bias to arise in estimation; bias whose sign and magnitude varies with the mismeasurement process as well as the estimation method used (Rigobon and Stoker (2006a) ).
With reference to the title, we use the term "Tobin regressor"to refer to a regressor that is bound censored, selected and (possibly) endogenous.
When the mismeasurement of the regressor is exogenous to the response under study -that is, both the correctly measured regressor and the censoring/selection process is exogenous -then consistent estimation is possible by using only the "complete cases,"or dropping any observations with a mismeasured regressor. Even when valid, the complete cases are often a small fraction of the data, with the resulting estimates very imprecise. But the existence of consistent estimates allows for tests of whether bias is induced in estimates computed from the full data sample. When endogenous regressors are censored or selected, the situation is considerably more complicated. Complete case analysis, or dropping observations with a mismeasured regressor, creates a selected sample for the response under study. Standard instrumental variables methods are biased when computed from the full data sample, and are also biased and inconsistent when computed using the complete cases only.
In this paper, we provide a full identi…cation analysis and estimation solution for situations with Tobin regressors. We give results on the nonparametric identi…cation and estimation of parameter sets. We apply recent work on con…dence sets to provide a full theory of inference analogous to the case of point identi…cation and inference.
We carry out estimation and inference with quantile regression methods, although our generic theory is applicable with many types of ‡exible estimation methods. We see our methods as providing estimates and inference that make correct use of all observations with accurately measured data. There is a great deal of literature on mismeasured data, some focused on regressors. 
where " is mean (or median or quantile) independent of (V ; X ); (2.4)
V is median independent of Z (2.5)
Here, X is the uncensored regressor, which is endogenous when 6 = 0, and Z represents valid instruments (without censoring or selection). We make no further assumption on the distribution of " or V . The observed regressor X is given as
1 with prob 1 0 with prob ; independent of Z:
That is, there are two sources of censoring of X to 0. First is bound censoring, which occurs when X 0 or V Z 0 . Second is independent selection censoring, which occurs if R = 0. We further assume that
which is convenient as well as empirically testable.
Censoring is modeled with the lower bound (bottom-coding) of 0, but top-coding or di¤erent bound values are straightforward to incorporate. Selection censoring occurs with constant probability here, but will be modeled as varying with controls in our general framework. The observed regressor X is censored, selected and endogenous, which we refer to as a Tobin regressor. While there exists an instrument Z for the uncensored regressor X , that instrument will typically be correlated with X X .
Therefore, Z will not be a valid instrument if X is used in place of X in the response equation (2.1).
It is also straightforward to include additional controls in the response equation.
With that in mind, we develop some examples for concreteness. care and X is the observed wage rate. X is potentially endogenous (work more to pay for higher quality day care), and is selected due to the labor participation choice.
Basic Identi…cation and Estimation Ideas. The strategy for identi…cation
of the model is to set the amount of selection …rst, which allows the rest of the model to be identi…ed. So, suppose we set a value for P r[R = 1]. The following steps
give identi…cation:
from the estimable curve
provided Z 0 > 0 with positive probability.
2) We can then estimate the control function
3) Given the control function V , we can recover the regression function of interest (mean, median or quantile) for the sub-population where X > 0 and Z 0 > 0. Namely, if " is mean independent of (V ; X ), we can estimate the mean regression
or if " is quantile independent of (V ; X ), we can estimate the quantile regression
4) All of the above parameters depend on the guess . We recognize this functional dependence by writing ( ), ( ), ( ) for solutions of steps 1), 2), and 3). For concreteness, suppose the particular value 0 = ( 0 ) is of interest. Given a set P 0 that contains 0 , the set
is contained in the set 0 = f ( ); 2 P 0 g:
5) It remains to …nd the set P 0 . In the absence of further information, this set is given by:
where
is the index of observations that are censored.
This is the basic identi…cation strategy. It is clear that point identi…cation is
achieved if is a known value. In particular, if there is only bound censoring, then = 0, and estimation (step 1) uses median regression to construct the (single) control function for estimation.
For estimation, the population curves above will be replaced by empirical curves.
In Section 4 we will discuss several ways of ‡exibly estimating the model as well as its non-additive generalizations. Con…dence regions can be constructed as follows.
Suppose 0 is of interest and the set P 0 is known. A standard con…dence region for
This implies that an 1 -con…dence region for 0 = ( 0 ) is merely
A simple way to report such a con…dence region is to report its largest and smallest elements.
We will discuss further adjustments because of the estimation of P 0 , the range of selection probabilities. Because of independence, the selection probability is a lower bound on the probability of censoring for all observations. Therefore, we can estimate the upper bound for the selection probability with an estimate of the minimum probability of censoring across the data. With this logic, a con…dence region for P 0 can be developed, as well as adjustments for the level of signi…cance of the parameter con…dence regions given above.
A Geometric View of Identi…cation and Estimation.
We illustrate the basic idea of identi…cation through a sequence of …gures that illustrate a simple oneregressor version of our empirical example. In the …rst step, we …x a set of values of in a set from 0 to .09 (the range for the true 0 ) and …t a family of censored conditional quantile estimates. Thus, we obtain a family of "…rst stage" estimates, shown in 
where Q Y is the conditional quantile function of Y given X ; W; V and Q X is the conditional quantile function of X given Z. Here U is Skorohod disturbance such that U U (0; 1)jX ; W; V , and V is Skorohod disturbance such that V U (0; 1)jW; Z.
The latent true regressor is X , which is endogenous when V enters the …rst equation nontrivially. Z represents "instruments" and W represents covariates.
The observed regressor X, the Tobin regressor, is given by the equation 
where the additive disturbances U and V have been replaced by U and V through the (equivalent) quantile representations U = Q U (U jV ) and V = Q V (V jZ).
The primary restriction of the Tobin regressor is that selection censoring is independent of bound censoring, (conditional on W; Z and V ). We have left the selection probability in the general form (W ), which captures many explicit selection models. For instance, we could have selection based on threshold crossing: suppose is a disturbance and the selection mechanism is
We now turn to the formal identi…cation results. We require the following assump- where when X > 0
or equivalently when X > 0
Finally,
Proposition 1 says that given the level of the selection probability (W ), we can identify the quantile function of Y with respect to X by using the (identi…ed) quantile function of Y with respect to the observed Tobin regressor X, where we shift the argument V to V of (3.5,3.6). The identi…cation region is comprised of the quantile functions for all possible values of (W ). The proof is constructive, including indicating how the quantiles with respect to X and to X are connected.
Proof of Identi…cation. We follow the logic of the identi…cation steps outlined in the previous section. Suppose we …rst set a value (W ) for P r[R = 1jW ]. For That is,
In terms of distributions, whenever X > 0,
Thus V is identi…ed from the knowledge of F X (XjZ; W ) and (W ) whenever X > 0.
In addition
when X > 0
In terms of quantiles,
This implies that for any X > 0
Thus V is identi…ed from the knowledge of Q X ( jZ; W ) whenever X > 0. The quantities above are sets of functions or correspondences.
It remains to characterize the admissible set P. From the relationship
we have
where the last observation is by the equalities
Thus, taking the best bound over z:
F X (0jW; z);
As noted before, the proof makes it clear that point identi…cation of the functions is possible where X > 0 and (W ) is known (or point identi…ed), including the no selection case with (W ) = 0. For some generic results on estimation, we use a plug-in estimator
Generic Limit
We assume that the model structure is su¢ ciently regular to support the following standard estimator properties:
where convergence occurs in some metric space (B; k k B ), where A n ( ) is a sequence of scalers, possibly data dependent. Estimates are available such that b c(1 ; ) ! p c(1 ; ) for each .
With these assumptions, we can show the following generic result:, covering the case of known P.
Proposition 2. Let
Then lim inf
Estimation of P poses more challenges. From (3.7), estimation of P is equivalent to estimation of the boundary function:
Let b (W ) be a suitable estimate of this function. One example is
We assume that the model structure is su¢ ciently regular to permit the following estimator properties:
Assumption. 2.3 Let b n (1 ) and the known scaler B n (W ) to be such that
for all W with probability at least 1 . Let (W ) belong to the parameter set P. Then the con…dence region for (W ) is given by
We combine this with the previous proposition to obtain Proposition 3. Let
3.3. Available Estimation Strategies. We can proceed by either quantile or distribution methods, or some combination of the two. The key functions, used as inputs in quantile-based calculations given in the previous section, are as follows:
1. Conditional quantile function of selected regressor X given Z and other covariates W :
2. Conditional quantile function of outcome Y regressor X, covariates W , and the control function V :
and its functionals such as average derivatives
3. Conditional mean function of outcome Y regressor X, covariates W , and the control function V :
its functionals such as average derivatives
The key functions, used as inputs in distribution-based calculations given in the previous section, are as follows:
4. Conditional distribution function of selected regressor X given Z and other covariates W :
5. Conditional distribution function of outcome Y regressor X, covariates W , and the control function V :
and its functionals such as average derivatives Moreover, in quantile strategies it is easy to deal with either additive or nonadditive speci…cations. The distribution approaches are mostly geared towards nonadditive speci…cations, though location models allow to treat additive ones as well. By additivity here we mean the additivity or non-additivity of disturbances entering the …rst stage.
In the next version of the paper, we will give two complete algorithms of estimation, with all the details.
The Marginal Propensity to Consume out of Housing Wealth
Recent experience in housing markets has changed the composition of household wealth. In many countries such as the United States, housing prices have increased over a long period, followed by substantial softening. The market for housing debt, especially the risky subprime mortgage market, has experienced liquidity shortages that have resulted in increased volatility in many …nancial markets. From a policy perspective, the crisis in the subprime mortgage market is relevant in so far as it has an e¤ect on consumption and overall economic activity. One of the problems of estimation is the fact that variables such as income and housing wealth are endogenous and, in most surveys, also censored. The literature typically drops the censored observations, and tries to estimate the relationship by incorporating some non-linearities. As we have discussed, this is likely to bias the results, and therefore could have a role in why there is no agreement on a standard set of estimates. We feel that the estimation of the marginal propensity of consumption out of housing wealth is a good situation for using the methodologies developed here to shed light an a reasonable range of parameter values applicable to the design of policy.
We have data on U.S. household consumption and wealth from Parker (1999).
These data are constructed by imputing consumption spending for observed households in the Panel Survey of Income Dynamics (PSID), using the Consumer Expenditure Survey (CEX). Income data is preprocessed -original observations on income are top-coded, but all households with a top-coded income value have been dropped in the construction of our data.
We estimate a 'permanent income'style of consumption model:
Here C it is consumption spending, P Y it is a constructed permanent component of income (human capital), H it is housing wealth, OW it , is other wealth and Y it is current income. Our focus is the elasticity H , the propensity to consume out of housing wealth.
Log housing wealth takes on many zero values, which we model as the result of bound censoring and selection. These features arise …rst by the treatment of mortgage debt (we do not observe negative housing wealth values) and by the choice of renting versus owning of a household's residence. We view the composition of wealth between housing and other …nancial assets as endogenous, being chosen as a function of household circumstances and likely jointly with consumption decisions. For instruments, we use lagged values of current income, permanent income and other wealth.. Thus, we model log housing is a Tobin regressor.
One implication of the Tobin regressor structure is that all standard OLS and IV estimates are biased; including estimates that take into account either censoring or endogeneity, but not both. In Table 1 , we present OLS and IV estimates for various subsamples of the data. The OLS estimates are all low; 2.8% for all data, 3.4% for households with observed lag values, and 5.3% for the "complete cases, "or households with nonzero housing values. The IV estimate for the complete cases is at least a …ve-fold increase, namely 28.1%. Our procedure involves three steps. First, we establish a range for the selection probability by studying the probability of censoring. Second, we compute quantile regressions of the Tobin regressor for di¤erent values of the selection probability as in (2.9) or (3.8), and then estimate the control function for each probability value.
Third, we estimate the model (4.1), including the estimated control function, as in (2.10) or (2.11). Our set estimates coincide with the range of coe¢ cients obtained for all the di¤erent selection probability values. Their con…dence intervals are given by the range of upper and lower con…dence limits for coe¢ cient estimates.
The …rst step is to estimate the probability that ln H = 0 given values of P Y , Y and OW , and …nd its minimum over the range of our data, implementing (3.9).
Speci…cally, we used a probability model with Cauchy tails, including polynomial terms in the regressors. We used the procedure of Koenker and Yoon (2007) , which is implemented in R. The minimum values were small, and, as a result we chose a rather low yet conservative value of b (W ) = :04. After adjusting by two times standard error times a log factor, the upper bound estimate became :09. In particular, we plot the estimates for each value of , as well as the associated All the results on housing e¤ects are summarized in Table 2 . We note that all results are substantially (and signi…cantly) larger than the OLS estimates (2.8%-5.3%), which ignore endogeneity. All results are substantially smaller than the IV estimate of 28.1%, which ignores censoring. Relative to the policy debate on the impact of housing wealth, our results fall in a very plausible range.
Summary and Conclusion
We have presented a general set of identi…cation and estimation results for models with a Tobin regressor, a regressor that is endogenous and mismeasured by bound censoring and (independent) selection. Tobin regressor structure arises very commonly with observations on …nancial variables, and our results are the …rst to deal with endogeneity and censoring together. As such, we hope our methods provide a good foundation for understanding of how top-coding, bottom-coding and selection distort the estimated impacts of changes in income, wealth, dividends and other …nancial variables.
Our results are restricted to particular forms of censoring. It is not clear how to get around this issue, because endogeneity requires undoing the censoring, and undoing the censoring (seemingly) requires understanding its structure. Here we separate selection and bound censoring with independence, use quantile regression to address bound censoring, and identify parameter sets for the range of possible selection probability values. Recent advances in the theory of set inference allow straightforward construction of con…dence intervals for inference on parameter values.
One essential feature of our framework is that the censoring is not complete, namely that some true values of the censored variable are observed. Such "complete cases"
provide the data for our estimation of the main equation of interest. However, not all forms of censoring involve observing complete cases. Suppose, for instance, that we were studying household data where all that we observe is whether the household is poor or not; or that their income falls below the poverty line threshold. In that case, using the "poor" indicator is a severely censored form of income, and no complete cases (income values) are observed. Our methods do not apply in this case, although it is of substantial practical interest.
